THE KING’'S ScHOOL

2005
Higher School Certificate

Trial Examination

Mathematics Extension 2

General Instructions Total marks — 120
¢ Reading time — 5 minutes J Attempt Questions 1-8
e Working time — 3 hours o All questions are of equal value

e Write using black or blue pen
e Board-approved calculators may be used
¢ Atable of standard integrals is provided

¢ All necessary working should be shown in
every question
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Total marks—120
Attempt Questions 1-8
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extrawriting booklets are available.

Marks
Question 1 (15 marks) Use a SEPARATE writing booklet.
(@ (i) Express 5 in partial fractions. 2
1-x
1
(i)  Show that J 2 3 dx = In(% 2
1- X 3
0
1
2
(iii) Evaluate j 2"4 dx 2
1-x
0
2
¥ 2
(b) Evauate - dx 3
1+sin2x+ cos2x
0
1
. 4 -1/ 4
(c) Usecompletion of square to prove that ———— dx=tan | = 3
04x +4Xx+5 7

Question 1iscontinued on the next page
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Question 1 (continued)

Marks

(d)

y=f(x)

On separate diagrams, sketch the graphs of:

(i) y=Inf(x)

(”) y:elnf(X)

End of Question 1
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Question 2 (15 marks) Use a SEPARATE writing booklet.

Marks

(@ (i) Useintegration by partsto show that

1 1
J'(x—l) £ (x) dx= f (0)— Jf(x)dx
0 0
1
(i) Hence, or otherwise, evaluate I X1
o(x+1)2

(b) Let z=x+iy, x, y real, where argz:%[

(i)  Sketchthelocusof z

(i) Find arg(-2)
(©)  Sketch theregion in the complex planewhere | z—i |<| z+1]

(d z=x+iy, x, y red, isacomplex number such that
(z+2 )2 +(z-2)%=4

(i) Find the cartesian locus of z

(i)  Sketch thelocusof z inthe complex plane showing any features
necessary to indicate your diagram clearly.

Question 2 is continued on the next page
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Question 2 (continued) Marks

(€)
y
A C
0 X
In the Argand diagram, AABC isright-angled at B and isosceles.
A, B, C represent the complex numbers a, b, c respectively.
(i)  Find the complex number BA intermsof a and b. 1
(i) Provethat c=ai+b(1-i) 2
End of Question 2
€2.Y .Kings.2005
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Question 3 (15 marks) Use a SEPARATE writing booklet.

Marks

2
(@ (i) Sketchtheparabola y= HTX and use it to sketch the curve
y= 5 on the same diagram.
1+X
(i) Hence, or otherwise, find the range of the function y= 5 -1
1+x
. . -1 1- x2
(b) Consider the function y = cos 5
1+x
(i) By using (a), or otherwise, find the range of the function.
(i)  Show that ic sl(l XZJ 2
dx 1+x L+ x2) Vx2
give the smplest expressions for the derivative if
() x>0and(f) x<O
-1 1- X2
(iii) Sketch the curve y=cos >
1+x
. . -1l 1- x2 . T .
(iv) Theregion bounded by y = cos andtheline y==—is
1+ x2 2
revolved about they axis.
Show that the volume of the solid of revolution is given by
J‘ 1-cosy dy
1+cosy
0
(v) FindthevolumeV .
End of Question 3
€2.Y .Kings.2005
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Question 4 (15 marks) Use a SEPARATE writing booklet. Marks

(@)
y
y = 2X
* P(xy)
0 2 X
y=-X

The base of a solid isthe triangular region bounded by the lines y = 2x,

y=-x and x=2.

At each point P(X,Yy) inthe basethe height of the solid is 4x2 + x

Find the volume of the solid. 4
() If x2+1=x2 y#0, showtha Y=1_Y 2

dx y 2x
Question 4 is continued on the next page
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Question 4 (continued) Marks

(€)
Yy
2 2
X—2 + y_2 =1 A(O, ae)
a~ b
0O X
Q .
B(0, -ag) P(acost, bsinb)
/ R
X2 y2
P(acost, bsind) is a point on the ellipse St 5= 1, a>b>0,whereeis
a“ b
the eccentricity of the ellipse.
From A(O, ae) and B(0, -ae) perpendiculars are drawn to meet the tangent at
P(acos, bsind) at Q and R, respectively.
. . . Ccos@  sné

(i) Provethat the equation of thetangent at P is X+ e y=1 3
(i) Hence, or otherwise, show that theline xcosa + ysina =k isa

tangent to the elipse if a2 cos? o+ b2 sn? o = k2 2
(ii1) Hence, or otherwise, prove that AQ2 +BR? = 232 4

End of Question 4
€2.Y .Kings.2005
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Question 5 (15 marks) Use a SEPARATE writing booklet. Marks

(@ A particle of mass m moving with speed v experiences air resistance mkv2,
where k isapositive constant. g isthe constant acceleration due to gravity.

(i) The particle of mass m fallsfrom rest from apoint O. OT

Taking the positive x axis as vertically downward, show that
X= k(\/2 —v2) , Where V isthe terminal speed.

X
2
(i)  Another particle of mass m is projected vertically upward from ground
level with a speed V2, where V istheterminal speed asin (i).
Prove that the particle will reach a maximum height of 2—1kln (1+V2) 3
(iii) Provethat the particlein (ii) will return to the ground with speed U
where U2 =v 2 4+v~4 4
X2 y2
(b) Theédlipse T+? =1 isrevolved about theline x=4.
(i)  Usethe method of cylindrical shellsto show that the volume of the solid
of revolution is given by
2 2
v:s@ﬂj\/4—x2dx—2@njx 4-x2 dx 4
-2 -2
(i) Provethat thevolume V =16./3 72 2

End of Question 5
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Question 6 (15 marks) Use a SEPARATE writing booklet. Marks

(@ y
P(tz, t3 )
« Alx, v1)
X
0
3
y=Xx2
3
P(tz, t3 ) isany point in the curve y = x2
. . 2 .3 ). 3_
(i)  Show that the equation of the tangent at P(t 1 ) iIs3tx-2y—-t°=0 2
3
(i) Al X,y ) isapoint not on the curve y = x2
Deduce that at most three tangents to the curve pass through A. 1

(iii) If the tangents with parameters t;, t», t3 do passthrough A( xq, y1 ),

show that
(a) t13+t23+t33:—6y1 2
2 2
(B) (ttp )2+ (totz )" +(tgy )" =9%2 2
: . . . . 1 1 1
(iv) Find acubic equation withroots —, —, — 2
h t2 3
Question 6 is continued on the next page
€2.Y .Kings.2005
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Question 6 (continued)

(b) (i) Giventhat sin(X +Y)+sin(X —Y)=2sin X cosY , show that

A-C
2

sin A+sinC =2sn A;Ccos

(i) Consider AABC where
e atc
B 2a
() Usethesineruletoshowthat sin A+sinC =2sinB

A-C
2

(/) Deducethat sing:%cos

End of Question 6
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Question 7 (15 marks) Use a SEPARATE writing booklet.

Marks

@

(b)

€2.Y .Kings.2005

Let f(n)=n+13+(n+2°+...+(2n-2°+(2n)3, n=123,...

(i)

(i)

(iii)

(iv)

(i1)

(iii)

Page 13 of 31

Show that f(n+1)- f(n)=(2n+1)3+7(n+1)3

Show that

3 2n+1 2n+1

(2n+1)° -

(3n+1)(5n+3)= (n+12)2

Use mathematical induction for integers n=1, 2, 3, ... to prove that

f(n)=(n+13+Mn+23+...+(2n)° :§(3n+1)(5n+3)

2
Given that 13+23+...+n3:{2(n+1)} , prove that

2

n+1%+(n+2°+...+(2n) = nT (3n+1)(5n+ 3) without induction.

el DL

nk k! '
n+1 n
k k
Deduce that c > W 2<k<n
(n+1) n

n+1 1\N
Deducethat, if nisapositive integer, (1+ —J > (1+—j
n+ n

End of Question 7



Question 8 (15 marks) Use a SEPARATE writing booklet. Marks

(8 Consider the equation 2/ -1= (z—l)(z6 + 22+ + 2+ 22+ z+1) =0

(i)  Show that v:cosz77z+isin% Isacomplex root of 2/ —1=0 1

(i)  Show that the other five complex roots of 2/ ~1=0 are

vK for k=23 4,5,6 2

(iii) Show that (v7‘k):vk fork=12...,6

i.e. show that the conjugate of viKisyK 2
(iv) Deducethat v+ vZ v and v3 VP +v8 are conjugate complex
numbers. 1
(v) Deduce that cos” - cosz—” + cos3—7[ = 1 3
7 7 7 2

Question 8iscontinued on the next page
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Question 8 (continued)

Marks

(b) (i) Useasuitable substitution to show that

NN

jcosxgnn_lxdx:%, n=123,...
0

(i)  Show by integration that

stinxdx=—xcosx+sinx

5 NN

(i) Letty= |xsin"xdx, n=0,12,...

0

Use integration by partsto prove that

1 n-1
t :_+—t —_ 3 n:21 31 41
n n2 n n-2

End of Examination
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